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[j^ ' Abstract. The main result of this paper is the Proposition 114.21 1. This result 

' establish an explicit ring isomorphism between the twisted Orbifold K-theory 

^ I "Korb{l*/G]) and R(D'^{G)) for any element w G Z^{G;S'^). We also study 

the relation between the twisted Orbifold K-theories °'K^^i,{X) and ° K„^f,{y) 
of the Orbifolds X = [*/G] and y = [*/G'], where G and G' are different finite 

-^ groups, and a G Z^{G;S^) and a' G Z^{G';S^) are different twistings. We 

■^l,( , prove that if G' is an extra-special group of index a prime number p and order 

p" (for some n G N fixed), under suitable hypothesis over the twisting a' , we 
can obtain a twisting a on the group (Zp)" such that there exists an isomor- 



< 

C^ I phism between the twisted K-theories °'' Korb{[*/G']) and "i^or6([*/(Zp)"]). 

1. Introduction 

►^ ' The twisted K-theory is a successful example for the increasing flow of physi- 

^f^ , cal ideas into mathematics. Brought from the physical setup, the twisted Orbifold 

OO ' K-theory has been, for the last twenty five years, a fruitful field of ideas and devel- 

r^ , opment in K-theory and algebraic topology. It emerged from two different sources. 

The first one, the consideration of the D-brane charge on a smooth manifold by 
CO , Witten in 1 1811 and the second one, the concept of discrete torsion on an Orbifold 

^^ ' by Vafa in [IJ]. Although, for any element a £ H^{X,Z) one can associate the 

twisted K-theory °'K{X), its structure is simpler if the element a lies in the image 
of the puUback associated to the map X — )■ *. In such a case, we call this element 
a discrete torsion since we can see it as an element in the cohomology H'^{G; Z). 
On the other hand, an Orbifold is a type of generalization of a smooth manifold. 
}J] , It is a topological space locally modeled as a quotient of a manifold by an action 

^.' of a finite group. When X represents an Orbifold, the twisted K-theory is more 

interesting because it is naturally related with equivariant theories if we specialize 
in the Orbifold X = [X/G] where X is a smooth manifold and G is a compact 
Lie group acting almost freely on X. In the case of Orbifolds, we have another 
important advantage to work with and it is the cohomological counterpart given 
by the Chen-Ruan cohomology on Orbifolds H^j^{X; C) related to K-theory by the 
Chern character. The Chen-Ruan cohomology of Orbifolds has an interesting non 
trivial internal product which makes it an algebra. This product can be presented 
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in the setup of the K-theory to obtain a stringy product on the K-thcory of the 
Orbifold Korh{X) (see (i,[i|). If the Orbifold considered has the form [X/G], then 
the twisted Orbifold K-theory can be related to the equivariant K-theory of the 
spaces of fixed points by the G-action on X. 
On the other hand, the tensor product defines a product 

for any pair of elements a and /? in H'^{X,Z). In fact, one can obtain a stringy 
product for the twisted K-theory on Orbifolds by using the stringy product defined 
on each space of fixed points, to define an explicit stringy product in each °'K{X) 
for any a G H^{X,'Z). Nevertheless, the crucial information to define the stringy 
product on the twisted K-theory of Orbifolds does not lie in H^{X,Z); instead 
it lies in H'^{X,'Z). Given an element (j) in H'^{X,'Z), it defines an element 9{(j)) 
in H^{A X, Z), where AX is the inertia Orbifold associated to X. Hence, we can 
define a stringy product over the twisted K-theory Orbifold ^^■'^^Korbi/^X) by using 
a suitable structure of the inertia Orbifold AX. One such product structure is based 
on the map 0(4') called the inverse transgression map, which is considered as the 
inverse of the classical transgression map. 

For this paper, the stringy product in Korb{X) has a trivial expression as we will 
restrict our observations to the case in which X — [{*}/G], where G is a finite 
group. 

The main result in this paper is to present an explicit relation between the twisted 
Drinfeld Double D'^{G) and the twisted Orbifold K-theory '^Korbi[*/G]) for an 
element to of discrete torsion (see Section 4 below.). This allows us to relate the 
twisted Orbifold K-theories '^Korb{[*/G]) and " Korb{[*/G']) for, respectively, two 
different Orbifolds [*/G] and [*/G'] and twistings lu G H^{G;Z), lo' G H^{G';Z). 
In order to obtain such a relation, we modify the stringy product defined in [2] by 
an element in Ra^ {C{g) Ci C{h)). 

We want to express our gratitude to Professor Bernardo Uribe for his important 
suggestions and ideas for our work. 

2. PUSHFORWARD MAP IN THE TWISTED REPRESENTATION RING 

In this section we introduce the pushforward map. Although this map can be 
defined for almost complex manifolds, we will focus only on the case of homogeneous 
spaces G / H . To define this map let us recall the Thom isomorphism theorem in 
equivariant K-theory. 

Fact 1 ([12!], Proposition 3.2). Let X be a compact G-manifold and p : E ^ X a. 
complex G- vector bundle over X. There exists an isomorphism 

4:K*aiX)^K*a{E,E\Eo) 
4{[F]):^p*{F)®X^,{E), 

where Eq is the zero section and the class A_i(-E) is the Thom class associated to 

[E]. 

Remark 2.1. We need recall how to define the normal bundle. If Af, N are G- 
manifolds (that means a manifold with a smooth G-action) and / : M — > X is a 
G-embedding we can define a (real) vector bundle r such that df{TM) © r = TN 
(for details in this construction the reader can consult jl3'|)- If the map / is not 
a G-embedding we can consider / : M — > X x D^ [D^ is the unitary disk in W 



TWISTED K-THEORY FOR THE ORBIFOLD [*/G] 3 

with the trivial G-action) for sufhciently large j and by corollary 1.10 in [15| we 
can approximate / by an immersion gj, then we define the normal bundle for / as 
the normal bundle of gf . 

Now, we proceed to define the pushforward map /* : Kq{X) -^ Kq{Y) for a 
differentiable map f : X —>■ Y between almost complex G-manifolds as follows: let 
T be the normal bundle associated to the application f : X ^ Y. We define the 
pushforward, which will be denoted by /*, as the following composition 

K*a{X)^K*a{T,T\To)^K*a{YxD^,{YxD^)\gf{X))^K*a{YxD^) = KUY), 

where is the Thom isomorphism. The map j is given by excision , the map ij 
is the puUback map induced by the inclusion and the last isomorphism is induced 
by the natural inclusion. The pushforward map can be defined also in the twisted 
case (see |4|]). Consider the following diagram of inclusions: 



G 



H ■*- 



K 



HnK 



from which we get a diagram of surjections: 

G/G < — G/K 



G/H f- 



G/{HnK) 



Using this diagram we obtain the map: 

j,,oz*,:K*a{G/H)^K*aiG/K) 

where tj^ is the normal bundle of J2 , and the map 

z:oj,,:K*a{G/H)^K*a{G/K) 

Afterwards, we compare the two applications and we conclude that the obstruction 
bundle is ^~i{iiiTj-^)/Tj^)). This means that 



(2.1) 



il°Ji*im = J2* oi;{[E])® A_i (it (r,J/r, J). 



We consider the particular case of the groups H — Gg{x) and K = Cciy), where 
X and y are elements in the group G, Gg{x) and Gaiy) denote their centralizers 
in G, respectively. Then, by equation ()2.1|) we get an obstruction bundle which is 
denoted as ^x,y 
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3. Twisted Orbifold K-theory for the Orbifold [*/G\ 

The goal of this section is to consider a K-theory structure on an Orbifold struc- 
ture defined by the trivial action of a finite group over the space {*}. This is a 
particular case of a more general kind of spaces that are obtained by almost free ac- 
tions of a compact Lie group over compact manifolds. These spaces naturally have 
an Orbifold structure that sets a basis for all developments in this paper. When 
the manifold is one point and the group is finite, all the hypothesis in the already 
defined theory hold. 

Let us consider the inertia Orbifold Af^/G] for a finite group G. We define the 
Orbifold K-theory for the Orbifold [*/G] as the module: 

Korb{[*IG]) :=if(A[*/G]) =0i^([*/GG(.9)]) =0ifco(3)(*), 

(g) (9) 

where {g) denotes the class of conjugation of the element g & G and Coig) denotes 
the centralizer of the element g (z G. In this case the Orbifold K-theory introduced 
in y turns out to be simply Kg{*), which is additively isomorphic to the group 
0/ N R{CG{g)) (see [1[), where RiCaig)) denotes the Grothendieck ring associated 
to the semi-group of isomorphism classes of linear representations of the group 
Ccig), and the sum is taken over conjugacy classes. The product structure in 
Kg{*) is defined as follows: consider the maps 

ei : CG{g) n Gaih) x Caig) n Caih) ^ Gg(5), ei(a, h) = a, 

62 : CG{g) n CG{h) X GG{g) n CG{h) -^ GgW, 62(0, b) = b, 

ei2 : CG{g) n CGih) x Gg(<7) n CGih) ^ Gg(<7/i), 612(0, b) = ab. 

Note that for any element t ^ G, the map (pr ■ G —?' G defined by (j>T{g) — Tgr^^, 
implies that (pT o a — e^ o (0^,0^). Thus, the maps e^ are 07.-equivariant for any 
element r G CG{g)- Given E in R{CG{g)) and F in R{CG(h)), we define the 
product 

(3.1) E*F:^ ei2*(eJ(S) ® e;(F) ® 7^,^) G RiCcigh)). 

Since the action is trivial, it follows from Theorem 2.2 in 12] that R(CG{g)) — 
iCGg(g)(*). Thus, the product can be seen as 

* : ^CG(g)i*) X Kcaih)i*) ^ Kcaigh)i*) 

in the setup of equivariant K-theory. We note that the product defined in equation 
(|3.ip is analogous to the stringy and twisted stringy product defined by B. Uribe 
and the second author in [3|, in the case in which G is an abelian group. Let a 
be an cocycle in Z^{G; S^), i.e. a is a function a : G x G x G -^ S^ such that 
a(a, 6, c)a{a, be, d)a{d, c, d) = a{ab, c, d)a{a, b, cd) for all a, b,c,d^ G. We proceed 
to define the twisted Orbifold K-theory "Korb{[*/G]). 

For the global quotient [X/G] and the element a G Z^{G; S^), the twisted Orbifold 
K-theory is defined as the sum 

(3.2) "K,rb{[X/G]) :^^'-'.Kca(g){Xn 

gee 

where G is a set of representatives of the conjugacy classes in G and Ug is the 
inverse transgression map (see below for details). In particular, if G is an abelian 
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group, the set C is the group G. For every group H and (3 £ Z'^{H; S^) we take its 
associated group Hjs given by the central extension 

(3.3) 1-^S^ ^ Hfi-> H ^1. 

Recall that the group i/^ is the set 5^ x H, with the group operation defined by 

{si,hi) * (s2, /12) := (siS2^(ft-i, /12), hih2). 

The twisted equivariant K-theory ^Kh{X) is defined as the class of iJ^-equi variant 
vector bundles such that the action of the center 5^ restricts to multiplication on the 
fibres. In the case of the space X = {*}, the twisted equivariant K-theory ^Kh{*) 
coincides with Rp (H) Ahe Grothendieck ring of classes of projective representations 
for the group H (see [3] for a precise definition of Rp{H)). 

Returning to the case of the Orbifold [*/G] for a finite group G, the twisted Orbifold 
K-theory defined in equation 13.21 takes the form 

(3.4) "i^o.(,([*/G]) := 0"''i^co(s)(*) = 0fia«(CG(ff)). 

sec gee 

3.1. Inverse transgression map. We review the inverse transgression map for 
finite groups to describe the multiplicative structure in the module °'Korbi[*/G]). 
Throughout this section we follow the development presented in section 3.2. in [3]. 
Let us recall the definition of the inverse transgression map for a global quotient 
[M/G\: For g £ G, consider the action of Caig) x Z on M^ = {x G M\gx = x} 
given by {h, m) ■ x := hg"^x and the homomorphism 

ijg :CG(ff)xZ ^ G 
(ft,, m) i-^- ftg™ 

Thus, the inclusion ig : M^ — ^ M becomes a ipg equivariant map and induces a 
homomorphism 

z;:iJa(M;Z)^i/a^(^),2(M^;Z). 

From the isomorphisms 

(3.5) iJ*^(^),^(MS;Z) = H*{A'P Xc^^g) xECoig) x M; Z) 

(3.6) -iJ5^(g)(AF;Z)®zH*(^i;Z) 
we have, for each k, 

z*g : H%{M- Z) ^ H^Caig)(M'; Z) ® i7^;i^)(MS; Z). 

Hence, we define the inverse transgression map as the application induced by pro- 
jecting on the second factor 

Tg : H^iM;Z) ^ H^-l^{AP;Z). 

In the particular case that [M/G] = [*/G] the definition above turns into: 

Definition 3.1. For any element a £ Z^{G;S^), the inverse transgression map is 
defined as the application 

Tg : HU*;Z) ^ H'^-l^{*;Z) 

induced by Tg on each k. 
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3.2. Product in the twisted case. Take a G Z'^(G;Z). Let us consider the 
Orbifold [*/(?] where G is a finite group. Now, consider the module: 

(3.7) "i^„,b(h/G]) := i?.,(CG(5)), 

sec 

where ofg £ H'^{C{g);'Z) denotes the inverse transgression map of a. The goal of 
this section is to define an associative product for this module, i.e. we show that it's 
possible to endow the module °'Korb{[*/G]) with a ring structure. For simplicity, 
we denote Ccig) as C{g). Consider the inclusion maps of groups 

tg : C{g) n C{h) ^ C{g), m : G(g) n C{h) ^ C{h) 

and 

igh : C{g) n C{h) ^ C{gh) 

for g,h G G. These maps induce the restriction maps: 

i; : i/2(G(.g); S') ^ H\C{g) n C{h); S'), 

il ■ H\C{h)- S') ^ H'{C{g) n Cih); S'). 
and the morphism jg/i induces a map {igh)* ■ H^{C{g)r\C{h); S^) -^ H^(C{gh); S^), 
which is the induction morphism in group cohomology (See for example [13|). 
Given E e Rctg{C{g)), we consider it as a G(g)Qg-module that restricts to multipli- 
cation on the fibres over S^ . Therefore, we get the following commutative diagram 
for the inclusion ig and the identity map s on 5'^: 

1 ^ 51 ^ C{gU, ^ C{g) ^ 1 

(3.8) ts t(s,ig) th 

1 ^ 51 ^ (G(g)nG(M)..(a,) -> C{g)nC{h) ^ 1 

This implies that any G(5)Q,g-module restricts to a {C{g) C{h))i*^a )-niodule, 
which is denoted by i*g{E). In particular, for any {E,F) e Ra^{C{g)) x Ra^{C{h)), 
we get the following map: 

RaACig)) X RaAC{h)) ^ i?.j(a,)(G(5) n c{h)) x i?,.(„,)(G(5) n c{h)) 

{E,F)^i^;{E),^UF)) 

Now, from the central extensions: 

1 ^ ^1 ^ (C(g) n G(/i)),.(„^) ^ G(g) n C{h) ^ 1, 
1 ^ ^1 _> (C(5) n G(/i)),- (,,) ^ G(5) n G(/i) ^ 1 

induced by i*(a) and i;;(a) G H'^{C{g) n G(/i); S"!)) we get that: 

1 ^ 51 X 51 ^ (G(5) n G(/i)),.(„^) X (G(g) n G(;i)),.(„,) ^ G(g) n G(;i) X C{g) n G(;i) 

For E e Ri,(^ag){G{g)) and F G i?i.(Q^)(G(g)), the tensor product i?®F is naturally 
a (G(5) nG(ft.))i.(Q ) X (G((7) nG(/i))i*(Q^)-module that restricts to multiplication 
on the fibres by elements of S^ . By considering the action restricted to the diagonal 

A{C{g) n C{h)) c C{g) D C{h) x C{g) n C{h), 

we get the central extension: 

l^S'^ {C{g) n G(/i)),.(„^),j(„,) -^ A(G(5) n G(/i)) ^ 1 
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which corresponds to the element i*(ag)i^(aft) G H'^{C{g) n C{h); S^). Thus, the 
following holds: 

R^;ic.JC{g) n c{h)) X i?,.(«,)(C(g) n c{h)) ^ i?,;(.,).^(o,)(C(<7) n c(;i)) 

Now, since i*(ag)ijl^(aft) = i*gh{'^gh) in -f^^(C(g) n C(/i); 5^) are cohomologous co- 
cycles, (see |2| Proposition 4.3), it follows that: 

Therefore, the induction map can be defined as: 

R^l,(c.,,){C{g) n C{h)) ^ %,,).^-.(o,.)(C^(5/i)) 

Thus, a product on the module p.7p can be obtained from the previously described 
morphisms to get: 

(3.9) R^^ {C{g)) X R^, {C{h)) ^ R^^, {C{gh)) 

defined by: 

where 'jg^h is defined as the excess bundle as in Section 2. 

Definition 3.2. By using the restriction notation, we define the twisted stringy 
product in the module °'Korb{[*/G]) as the map: 

R^^{C{g))xR^,{C{h)) ^ R^^^,{C{gh)) 



where ^G'Spf ^p(7|-/J^ denotes the restriction of a-twisted representations of C{g) to 
ig (Q!)-representations of C{g) fl C{h) (respectively for h). 

4. Twisted Orbifold K-theory and the algebra D'^{G) 

The goal of this section is to give an introduction of the twisted Drinfeld double 
D^{G) and to show an explicit relation with the twisted Orbifold K-theory. Our 



main reference is 17| . Let us recall the definition and the main properties of the 
twisted Drinfeld double to clarify the nature of this structure and its representa- 
tions. From a different point of view, we can also obtain some properties of the 
stringy product defined on the sections above, using the properties of the represen- 
tations of the twisted Drinfeld double. Namely, the fact that the Grothendieck ring 
of these representations is isomorphic to the twisted Orbifold K-theory with the 
structure induced by the stringy product, which will be proven in section 4.2. In 
particular, because of the associativity of the tensor product of the D'^ (G')-modules 
we can obtain a proof of the associativity of the stringy product defined above (see 
below) . 
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Let G be a finite group and k an algebraically closed field. Let w be an element in 
Z^{G, k*), that is, a function cjiGxGxG^-fc* such that 

w(a, &, c)a;(a, he, d)uj{d, c, d) — uj{ah, c, d)uj{a, b, cd) for all a, b,c,d^ G. 

We define the quasi-triangular quasi- Hopf algebra Z?" (G) as the vector space {kG)*(^ 
(kG), where (fcG)* denotes the dual of the algebra kG (see |6j) and the algebra 
structure in D"{G) is given as follows: consider the canonical basis {5g ® x}g^x£G 
of D'^{G), where 5g is the function such that 5g{h) = 1 if ft, = g and otherwise. 
We denote 5g ® x =: SgX. Now, we define the product of elements in the basis by: 

(4.1) {6gx){5hy) = ujg{x, y)6gSxhx-ixy 

where uig is the image of w via the inverse transgression map of the element g G G 
as in definition p.l|) . The multiplicative identity for this product is the element 
^D'^iG) — ©geG'^9^- Now, we use the notation Sg for the element Sgl. The co- 
product A : D'^{G) -^ D'^{G) ® D'^{G) in the algebra D'^{G) is defined by the 
application 



(4.2) l^{5gx) = 7,(ft, h-^g){5hx) ® (5^-igx), 

where 



h&G 



. . uj{h,l,x)u!{x,x ^hx,x ^Ix) 

lx[n,l) = 77 -^Y~\ ■ 

uj(n,x,x ^txj 

The algebra D'^{G) endowed with these operations is usually called the twisted 
Drinfeld Double. 

4.1. Representations of D'^{G). Let U,V be modules over the algebra D'^{G). 
Consider the tensor product U ®V as & D'^ (G)-module endowed with the action 
from D^{G), induced by the coproduct A. Note that the field k can be considered as 
a trivial D'^(G)-module, which is the multiplicative identity for the tensor product 
of £)'^(G)-modules. In particular, for fc = C, we define the ring of representations 
R{D'^{G)) of D'^{G) as the C-algebra generated by the set of isomorphism classes 
of Z)'^(G)-modules with the direct sum of modules as the sum operation and the 
tensor as the product operation. We define the ideal Rq{D'^{G)) generated by all 
combinations [U] — \U'] — \U"] ([.] denotes the isomorphism class) where Q ^ U' ^ 
U — >■ U" — >■ is a short exact sequence of r'"(G)-modules. Now, we define the 
Grothendieck ring R{D^{G)) as the quotient between Rep{D'^{G)) and the ideal 
i?o(^"(G)). 
The algebra D'^{G) is quasi-triangular with: 

^= ® Sg^<i^^hg, andA-i= ujghg-i{g,g-^)-^Sgl(E)6h'g^. 



Sgl(g)dhg, 


and A ^ = 


- ^ghg 


g.heG 




g.heG 



Thus, AA{a)A~^ = a{A{a)) for all a G D'^{G), where a is the automorphism that 
exchanges the images in the coproduct. Therefore, if U and V are £'"(G)-modules, 
this equation implies that U (S) V and V (E) U are isomorphic as D"(G)-modules, 
that is, the algebra R{D'^{G)) is commutative. Now, assume that /3 : G x G — >■ C* 
is a cochain with coboundary: 

SP{a,b,c) = P{b,c)l3{a,bc)l3{ab,cr^ f3ia,by\ 
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Then, the algebra D'^^^{G) is isomorphic to D^[G) given through the map: 






'^^{^gx) = -T, '—:7-5gX. 



In particular, we get the isomorphism; 

Next, we consider the following Theorem (cf. 16], Thm. 19): 
Theorem 4.1. The ring R{D^{G)) is additively isomorphic to the ring 

Ru^ACig)), 

(9)CG 

where (g) denotes the conjugacy class of g ^ G 

Proof. For all x G G, we take the subspaces 5" (a;) :— ^nec(x) '^^xg and D'^{x) :— 
®3eG '^^^9 of D'^iG)- It holds that S'^{x) is a subalgebra of D'^(G) with identity 
element 5x^ such that, from the product defined in D'^{G), it follows that S'^{x) = 
Ruj^C{x) where Ru^G{x) is defined in ,8]. Given {g) C G, consider D^{{g)) := 
®h&{g)D'^ih). Note that L>"(G) ^ 0(g)cG ^"^((s)) (additively). On the other 
hand, for an element h in a fixed conjugacy class (g), take a S'"(/i)-module [/, i.e. 
a J?tj^G(/i)-module and define the map: 

whose image is a £>'^((5))-module if we take the action of D'^{{g)) over U ®s'-'(h) 
D'^ih) as right multiplication in the second factor. However, for V a D'^{{g))- 
module, we define the map: 

V ^ V5hl. 

Note that the image for this map is a i?tj,^G(/i)-niodule. Thus, there is an equiva- 
lence between i?tjfcG(/i)-modules and D"(((7))-modules. Therefore, from Theorem 
(d, Thm. 1.3.2]), it follows that for any h G {g): 

R^,{C{K))=R{D-{{g))), 

and the theorem follows. D 

From [5[ we get that it is possible to explicitely describe the morphism using 
the induction DPR which is defined on each Ra{C{g)) for g ^ G. Namely, let 
(/5, V) be a twisted representation of the group C{g) and define the representation 
V)((/9, V)) := (TTp, A) of D'^{G) as given by the formula: 

(4.3) A := /ndg(g)(V^), and TTp := T:p{Skx)xj (g) w = SkS.^^g^~i — ' \ xs <S> p{r)v. 

where Xj is a representative of a class in G/C{g), r £ C{g) and the element Xs is a 
representative of a class in G/C{g), such that xxj = x^r. 
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4.2. Relation between R{D'^{G)) and the twisted K-theory of the Orbifold 

[*/G]. Let us consider an element w G Z'^{G; S^). By the equiation l3.7l tlie twisted 
Orbifold K-theory of the Orbifold [*/G] is the ring: 

(4.4) -Kor,{[*/G])^ "«Ac(,)(*)- R.,{C{g)) 

(9)CG (ff)CG 

By theorem (|4.ip . there exists an additive isomorphism between R{D'^{G)) and 
the twisted Orbifold K-theory '^ K orb{[* / G]) . We will show that if we endow this 
ring with the twisted product t^q, then the additive isomorphism is in fact a ring 
isomorphism. The DPR induction is defined as (/p, ■,(£'), p^r) where {E,tt) is an 
element in Rug{C{g)). Let us consider two elements E and F in R^^{G{g)) and 
Rujh (C'(/i)) respectively. The tensor product of the DPR-induction of these elements 
can be related to the twisted product • via the Frobenious reciprocity as follows: 

Icis)^E) ® /g(,)(F) - /g(^)(£; ® i?g(,)(/g(,)(F))) 



^I^ 



rCia) (r,C(g) (j^^^j,C{h) 



C(.)(^c(:)nc(.)(^c(:)nc(.)(^) ® ^cl.lncwiF) ® 7.,.)) 



I^ 



jCigh) ,^C{g) fT^-,^T,Cih) 



C{gh)iIc(g)nCih)i^C{g)nC{h)(E) ^ Rc{g)nC{h)iE) ®^a^h)) 
- high) (^ *^ P) 

By the above relation, we conclude the following 
Proposition 4.2. There exists a ring isomorphism: 

rKorb{[*/G]),ir^) - {R{D^{G)),®). 

Proof. We have that the DPR induction defines a morphism cj) : ^/„\f-Q Ruj{C{g)) -^ 
R{D'^{G)). Moreover, we proved above that for E e R^^ (C(g)) and F G R^^ {C{h)), 
we have that 

0(i;) (g) 0(F) = (/)(£; *^i^), 

i.e, it is a ring homomorphism. By Theorem (14. ip . the result follows. D 

Corollary 4.3. The stringy product *^ is associative. 

5. Twisted K-theory for an extra special ji-group 

The goal of this section is to establish a relation between the twisted Orbifold 
K-theories for the Orbifolds [*/H] and [*/G'], where H is an extra special group 
with exponent p, order p^n-i-i g^^^ q _ (^2^)2n+i p^j. ^^^ ^^^ prime number p, 

a p-group H is called extra special if its center Z{H) is a cyclic group of order 
p, that is Z{H) = Zp, and H/Z{H) is an elementary abelian group. Any extra 
special p-group has order p^n+i jt^^. gQjj-^g n e N. On the other hand, for any n 
there exist two extra special groups of order ^^"+1 such that a group has exponent 
p and the other group has exponent p^ . The motivation for these kind of relations 
comes from works like [7| where these relations are studied for p = 2 and to some 
extent by results due to A. Duman in [9]. However, there exists a deeper interest 
to study these kinds of relations by establishing correspondences with the twisted 
Drinfeld algebras. In particular, we shall remark the work done by D. Naidu and 
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D. Nikshych [111 ], which we consider of utmost importance for obtaining the resuhs 
of this section. In fact, we use the following result due to them (.H], Corollary 
4.20): 

Theorem 5.1. Let H be a finite group, uj' G Z^{H; S^) such that 

• H contains an abelian normal subgroup K , 

• ^'\k>ck-kk is trivial in cohomology (in H^{K;S^)), 

• there exists a H -invariant 2-cochain fi over H such that S{ii)\kxKxK = 

I^'IkxKxK- 

Then, there exists a group G and an element uj G Z^{G; S^) such that R{D^{G)) = 
R{D'^'{H)). 

From the established relation in the previous Chapter between the twisted Drin- 
feld's algebras and the twisted Orbifold K-theory, we get the following corollary 
under the same assumptions as in the last theorem. 

Corollary 5.2. There exists a ring isomorphism: 

'^Korb{[*IG])^'^'Korb{[*lH]). 

Now, we follow with a nice application of this result. 

Proposition 5.3. Let H be an extra special group with order p^n+i g^j-^j exponent 
p. Then 

for some non trivial twisting uj. 

Proof. Let H be an extra special group. From definition we may assume K — 
Z{H) = Zp. Now, suppose there exists ^ G C^{H;S^) such that S{fj.)\KxKxK = 
^'\kxKxk, which is 7J-invariant, that is, if we take the action of H on the 2- 
cochains G'^{H;S^) defined by ^/i := fi{yxiy^^,yx2y^^), then ^/i = /i in C'^{H;S^) 
for all y G H. Now, since K = Z{H), then it follows that ^ij,\k = IJ-\k for all y € H. 
Thus, for all y G H there exists a 1-chain rjy on H such that Srjy = -^ = 1. Since 
K is abelian, we can define the following map: 

u -.H/K X H/K -^ C\H; S^) 

iy,,y,)^'-^^hll]yi, 
Vyiy2 

Lemma 5.4 ([10l|. Lemma 4.2, Corollary 4.3). The function v defines an element 
mH^{H/K;K)). 

However, this element represents a short exact sequence: 

1^ k ^ k x^ H/K -^ H/K -^ 1, 

where the product in k Xy H/K is defined by the formula 

ipi,Xi)ip2,X2) := il'{xi,X2)piP2,XiX2). 

Now, the element lu e Z^{G;S^) with G := Kx,^H/K ior all (pi,xi), {p2,X2), (^3,2:3) G 
k Xi, H/K is defined by the formula: 

^{{Pl,Xl){p2,X2){pz,X'i)) := {v{xi,X2){u{X'i))){l)pi{k^^^^^), 

where u : H/K — > _ff is a function such that, when it is composed with the projec- 
tion p : H ^ H/K, it follows that p{u{x)) = x and kx2,x3 G i/ is an element that 
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satisfies u{xi)u{x2) — kx-i.x2u(j){u{xi)u{x2))) ■ 

Clearly, when cj' is the trivial 3-cocycle, we can choose fi to be trivial and so 
ly is also trivial. By definition of an extra special group, H/K is an elementary 
abelian group and if v is trivial, it follows easily that K y.^ H/K = (Zp)'^""'"^. It 
remains to show that lo is non trivial in H^{G; S^). Take H ~ {hi, . . . , hp2ri+i}, 
K = Z{H) = {zi,...,Zp} and K — {pi, . . . ,/9p}, with pi non trivial for i ^ 1. 
Denote the quotient group H/K = {xiK, . . . , Xp2nK}, with xi = 1h/k- Now, we 
define the function u : H/K -^ H such that u{xiK) — Xi{z^^) for XiK G H/K, 
Zj G K. Consider the element {{p,XiK), {p,XiK), {p,XiK)) with p ^ K fixed and 
non trivial. Since v is trivial, the element uj is reduced to pikx^K.xiK) — p{zi) ^ 1, 
which implies that w is non trivial. D 

5.1. Twisted Orbifold K-theory for the Orbifold [*/(Zp)"]. With the above 
result, to calculate the Orbifold K-theory structure for [^/H], with H an extra- 
special p-group, we only have to calculate the twisted Orbifold K-theory for [*/(Zp)"] 
and a twist element in _ff'^((Zp)"; S*^), following the constructions presented in Sec- 
tion 3. Because all those constructions are based on the inverse transgression map, 
we proceed to give an explicit way of calculating it. Afterwards, we shall present an 
example with a particular twist element, that has no trivial inverse transgression 
map. 

5.1.1. Inverse transgression map for the group (Zp)". Let us consider the following 
commutative diagram given by two natural short exact sequences: 

O^Z^ Z ^Zp^O 

(5.1) ; ; ; 

^ Zp ^ Zp2 ^ Zp ^ 

where the applications tt and r are the natural projections. Idem for the downarrow 
applications. These two exact sequences in the diagram above induce long exact 
sequences: 

(5.2) 

> H''-\BG;Zp) A H''{BG;Z) ''''4' H''{BG;'L) *^* H'' {BG;Zp) ^ H^+\BG;Z) ^ 

and 

(5.3) 

> H^-^{BG;Zp) ^ H^{BG;Zp) '^'^4' H^{BG;Zp2) ^^* H^{BG;'Lp) ^ H^+^{BG;Zp) 

Remark 5.5. The connection morphism /3 of the long exact sequence (|5.3p is known 
as the Bockstein map. Such a morphism induces an application (3 : H*{BG;Zp) -^ 
H*{BG;'Zp) which has the multiplicative property: 

l3{xy) = l3{x)y + {~lf-^^-^x(3iy). 

Since G is a p-group, H''{BG;—) is also a p-group and this implies that the 
morphism (xp)* in the long exact sequences (|5.2p and (|5.3I) is the zero map. Thus, 
TT* and T* are injective maps and H^{BG;'L) = H^{BG;'Lp2). On the other hand, 
by the exactness of the sequence ([Q]) . H''{BG;Zp2) ^ Ker{l3 : H''{BG;1p) ^■ 
H''+^BG;Zp)) and then 

H''{BG;Z) = Ker{l3 : H^{BG;1p) -^ H''+\BG;Zp)). 
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5.1.2. Relation to the inverse transgression map. By definition, the inverse trans- 
gression map Tg is an application defined between the groups H'^{BG\'L) and 
H^~^{BCG{g)','^)- Since G = (Zp)" is an abelian group, we have that the inverse 
transgression map can be factorized as 

Tg : Ker{P : H^{BG; Zp) -^ H''+\BG; Zp)) -^ Ker{P : H'"\BG; Zp) -^ H''{BG; Zp)). 

Consider the cohomology ring H*{BG; Zp) ^ ¥p[xi, . . . , x„] ($> A[2/i, . . . , y„] with 
\xi\ = 2 and \yi\ — 1 for i — 1, . . . , n. By the calculations above we need to find 
a polynomial p{xi, . . . , a;„, yi, ...,yn) G Fp[a;i, . . . , x„] (g) A[j/i, . . . , j/„] of degree k, 
such that (3{p) ~ and fg{p) ^ for some g £ G. 

To obtain the desired polynomial, first we do the calculation of the inverse trans- 
gresion map. Take an element g — (ai, . . . , a„) S G and consider the map: 

Gx'L^Gx{g) ^G 

defined by 

(/i,m)^(/i,5™)^/ig'". 
At the level of cohomology we get: 

H*{BG;¥p) -^ H*{BG X B{Zp);¥p) -^ H*{BG x BZ;¥p) 
(5.4) Xi ^T> Xi + aiW M- Xi 

Vi !->• yi+ ttiZ H^ J/j + GiZ 

where 

H*{BG;¥p) = ¥p[xi, . . . ,a;„] A[yi, . . . , y„], 
H*{BG X B(Zp);Fp) = Fp[a:i, . . . ,x„,'u;] ® A[yi, . . . , y„, z] 

and 

H* {BG X BZ- Fp) = Fp [xi , . . . , a;„] ® A[yi , . . . , y„, z] . 

Now, for the products Xiyj,XiXj,yiyj G H*{BG;¥p) we can obtain the calculation 

of the inverse transgression maps. For the first product Xiyj we get 

(5.5) 

(xiyj) I— > (xi + aiw)(yj + aiz) = Xiyj + xiajZ + aiwyj + aiajwz in H* {BG X B{'Lp)\¥p) 

h^Xiyj + XiajZ in H* (BG X B'L]¥ p) . 

and from definition (|3.ip it follows that fg{xiyj) — XiOj. For the second product 

XiXj we get 

(5.6) 

(xiXj) H> {xi + aiw){xj + aiw) = a;^^^ + XiajW + QiWXj in H*{BG x i3(Zp); Fp) 

h^ x.a;^ in iJ* (SG X BZ; Fp) . 

and then fg{xiXj) = 0. Finally for the product yiyj we get 
(5.7) 
(yiVj) '-^ iUi + a.iz){yj + ftjz) = y^j/j + j/iflj-z + aizyj in H* {BG x B{Zp)-, ¥p) 

^ ViV] + (ojl/j - aj^jOz in H* {BG x SZ; Fp). 

and then fgiy^yj) = (aj-^i - flij/j). 

Since we are interested in calculating the inverse transgression map for elements 

a e H^{G\ Z), we consider only polynomials of degree 4 in 

iJ*(BG;Fp) = Fp[a;i, ... ,a;„] (g A[yi, ... ,?/„]. 

Now, we present some examples of the inverse transgression map. It is easier to 
consider the cases n = 2 and n = 3. In the first case the inverse transgression map 
is a trivial map. In the latter the inverse transgression map is more interesting. 
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Example 5.6. • n ^ 2. For p ^ 2 we have that H*{BG; ¥p) = ¥p[xi,X2] «) 

A[yi, 2/2] with \yi\ — 1 and \f3yi\ — \xi\ — 2. Thus, wc can just consider hnear 
combinations of the polynomials pi(a;i, X2, 2/1,2/2) = 2^12^2, P2{xi,X2,yi, 2/2) = 
a^i2/i2/2 and p3(xi, X2, 2/1,2/2) = a^22/i2/2- For pi the calculations of the equa- 
tion (15.61) show that fg{pi) — 0. Then we need to find an element p, which 
will be a (Zp)-linear combination of the polynomials p2 and p^, such that 
P{p) = 0. Namely, 

P{P3) = 2^2 (/3 (2/1) 2/2 - 2/1^(2/2)) = a;2(xi2/2 - 2/12^2) 
and 

/3(P2) = a;i(/3(2/i)2/2 - 2/i/3(2/2)) = a;i(a;i2/2 - 2/12^2)- 
Therefore, there does not exists such a (Zp)-linear combination. 
• n — i. By analizing the degree of the polynomials, we obtain the element: 

(5.8) p(a;i, a;2, 2:3, 2/1,2/2,2/3) = 2:12/22/3 - 2:22/12/3 + 2:32/12/2, 

which satisfy the condition fi{p) = 0. In order to check this, we use the 
property of j3 noted in the Remark 15.51 
(5.9) 
P{p) = ^(2^12/22/3) - /3(2:22/i2/3) + ^(2^32/12/2) 

= /3(xi)2/22/3 + 2:1/3(2/22/3) - P{x2)yiy3 - 2:2/3(2/12/3) + /3(2:3)2/i2/2 + 2:3^(2/12/2) 
= 2:1/3(2/2)2/3 - 2:12/2/3(2/3) - 2:2/3(2/1)2/3 + 2:22/1^(2/3) + 2:3/3(2/1)2/2 - 2:32/1^(2/2) 
= 2:12:22/3 - 2:12/22:3 - 2:2X12/3 + 2:22/12:3 + X3X12/2 - 2:32/1X2 
= 0. 

The inverse transgression map for an element 5 = (01,02,03) £ (^p)^ 
evaluated in the polynomial p gives: 

Tgip) = T-s(2;i2/22/3) - Tg(x22/l2/3) + Tg(x32/l2/2) 

(5.10) = xi(o32/2 - 022/3) - 2:2(032/1 - 012/3) + ^3(022/1 - 012/2) 

= Ol(x22/3 - 2:32/2) + 02(^32/1 - X12/3) + 03(xi2/2 - X22/1) 

Lemma 5.7. Let g = (01,02,03) and h = (&i,fe2,&3) fee elements in G ~ 
(Zp)'^. T/ie double inverse transgression map of p is equal to 

ThTgip) = [(01,02,03) X (61,62,^3)] • (X1,X2,X3). 

Remark 5.8. We wish to point out that the latter example with n = 3 shows 
that for n > 3 the inverse transgression map is a non-trivial map. We can always 
consider the element p(xi, . . . , x„, 2/1, . . . , 2/n) = Xiy^yk - Xj2/i2/fc + 2;fc2/i2/j to be in 
H^{{Zp)'^]'L) . By similar calculations as in the equation (I5.10|) . we can prove that 
/3(p) = while Tg{p) y^ for 5 g (Z^)". 

By using the inverse transgression map for the group (Zp)" presented above and 
by the decomposition formula presented in Theorem 3.6 in [3|, we can calculate the 
explicit structure of the twisted Orbifold K-theory for the Orbifold [*/{1pY] and 
the twist element a as the element in H^{{'Zp)^; S^) associated to the polynomial 
define in equation (f5^ via the isomorphism H^{{Zp)^; S^) = iJ'^((Zp)^; Z). Note 
that in this case: 

"ifo.b([*/(Zp)3]) = "«if(Z,)3(*) = i?a,((Zp)3). 

ge(Zp)3 9e(Zp)3 
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Now, for each t; e Zj,, the decomposition formula imphes: 



3:'ie(Zp)3 



ipT 



where Cp is a p-root of the unity. Note that the action of {'Zp)^ on Q{Cp)h.a is to 
multiply by the double inverse transgression map evaluated on fc g (^p)^j '''h{ctg){k) 
and by the Lemma (|5.7p we get 




,py if .9 = A/i, A e Zp, 



iP^j 



(5.11) 

So, for ft, 7^ 0, we have that 

i?„,((Zp)3)®Q= J] 
AeZp 

while for g = 0, we get 

i?„,((Zp)3)0Q= [] Q(Cp). 

AG(Zp)3 

Then, the module the twisted Orbifold K-thcory for the Orbifold [*/(Zp)^] turns 
out to be: 

"ifo,6([*/(Zp)3])®Q= [] Q(Cp)0 n <Q(Cp) 
AeZp Ae(Zp)3 

and the product structure is defined via the product of the elements in Q(^p). 

6. Final remarks 

With the result presented in Section 4 about the Grothendieck ring associated 
to the semi-group of representations of the twisted Drinfeld double D'^{G) and 
the twisted Orbifold K-theory, we found a nice relation between two structures 
coming from different sources. As we already said, the Orbifold [*/G] is a particular 
case of a more general kind of Orbifolds obtained by the almost free action of a 
compact Lie group G on a compact manifold M. With a little more structure, 
the stringy product introduced in Section 3 can be extended to a stringy product 
on the module °'Korb{[M/G]) (in the same way as in [3|), where [M/G] denotes 
the Orbifold structure obtained by the almost free action (see [l| for the details of 
this structure). Therefore, under suitable hypoteses we can think about the twisted 
Orbifold K-theory '^Korb{[M/G]) as a more general object which coincides with the 
Grothendieck ring R{D'^{G)) if G is a finite group and M = {*}. Nevertheless, we 
shall explore the interpretation and consequences of this more general object. Next, 
we focus our atention on the results obtained in Section 5, where we establish an 
explicit relation between the twisted Orbifold K-theories of the Orbifolds [*/H] and 
[*/(Zp)"], where _ff is a particular extra special p-group. In the same spirit, we look 
for some general relation between the twisted Orbifold K-theories "Korb{[M/G]) 
and f^Korbi[M/K]) of the Orbifolds [M/G] and [M/K], for suitable twistings a G 
H^{G; S^) and /? G H^{H; S^), and appropriate actions of the finite groups G and 
isT on a compact manifold M. In the same way, we hope that some analogous 
results may be obtained if G and K are compact Lie groups acting almost freely on 
a compact manifold M. By our preliminary observations, in order to obtain such 
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results, some hypothesis on the almost free actions of the compact Lie groups G 
and K must be added. 
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